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Abstract. Following the work [4] , we show that a Frobenius morphism F on an algebra A induces naturally a functor F on the (bounded) derived category D b (A) of mod-A, and we further prove that the derived category D b (A F ) of mod-A F for the F -fixed point algebra A F is naturally embedded as the triangulated subcategory D b (A) F of F -stable objects in D b (A). When applying the theory to an algebra with a finite global dimension, we discover a folding relation between the AuslanderReiten triangles in D b (A F ) and those in D b (A). Thus, the AR-quiver of D b (A F ) can be obtained by folding the AR-quiver of D b (A). Finally, we further extend this relation to the root categories R(A F ) of A F and R(A) of A, and show that, when A is hereditary, this folding relation over the indecomposable objects in R(A F ) and R(A) results in the same relation on the associated root systems as induced from the graph folding relation. 
Introduction
In [4] , we introduced the notion of Frobenius morphisms into the representation theory of algebras. The main advantage of using Frobenius morphisms is to link the structure and representations of an algebra B defined over a finite field F q to that of an algebra A defined over the algebraic closure k of F q . Here A and B are related by a Frobenius morphism F on A such that B = A F , the fixed point algebra. Thus, by regarding B-modules as F -stable A-modules, we proved that many nice properties such as heredity, finite representation type and so on are unchanged when passing from A to B, and, by applying the theory to quivers with automorphisms, and hence to Lie theory, we obtained a unified approach to both quiver and F q -species representations, and to Kac's theory (including both Kac's polynomials and Kac's theorem) for the symmetrizable case from that for the symmetric case. Furthermore, there is a close connection between the Auslander-Reiten theories of A and B which can be simply described by folding the Auslander-Reiten quiver of A to obtain the AR-quiver of B.
In this paper, we shall extend our investigation to the derived category level. Let D b (B) (resp. D b (A)) be the bounded derived category of the category of finite dimensional B-modules (resp. A-modules). Then, base change (from F q to k) induces a functor Ψ = − ⊗ id k : D b (B) → D b (A). We shall prove that Ψ is faithful and its image can be characterized in terms of a Frobenius functor induced from the given Frobenius morphism F on A. More precisely, we lift the Frobenius (twist) functor ( ) [1] on the category of A-modules to its bounded derived category D b (A), and then consider the subcategory D b (A) F consisting of objects satisfying M ∼ = M [1] in D b (A) with morphisms compatible with these isomorphisms. We shall prove that Ψ gives rise to a triangulated category equivalence between D b (A F ) and D b (A) F . As an application of this result, we further extend the folding relation between the AR-quivers of A and B to a similar relation between the AR-quivers of D b (A) and D b (B) and between their associated root categories.
We organize the paper as follows. In §2, we introduce the Frobenius functor on the category of A-modules without using Frobenius maps on modules, and reformulate some definitions and results in [4] under this new setting. In the next three sections, we lift this functor step by step to the chain complex level, homotopy level and finally to the derived category level, and establish the relevant category equivalence at every level. In particular, the required derived category equivalence between the subcategory D b (A) F of F -stable objects in D b (A) and the derived category D b (A F ) is proved in §5. As applications of the equivalence to the case where A has a finite global dimension, we obtain a construction of Auslander-Reiten triangles in D b (A F ) in terms of those in D b (A) in §5, prove that the Auslander-Reiten quiver of D b (A F ) can be obtained by folding the Auslander-Reiten quiver of D b (A) in §6, and further embed the root category R(A F ) as a subcategory of F -stable objects of the root category R(A) of A in §8. Finally, in the Appendix section, we generalize the relation between finite dimensional hereditary algebras and quivers with automorphisms investigated in [4, §6] to arbitrary finite dimensional algebras, and give a list of all known relations between theories on A and theories on B.
Throughout the paper, F q denotes a finite field of q elements, k = F q is the algebraic closure of F q and f : k → k the field automorphism given by the formula f(λ) = λ q . For an algebra A over a field, by mod-A we denote the category of all finite dimensional left A-modules. All modules considered here are finite dimensional left modules.
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Frobenius twists and F -stable modules
We start off on the definition of Frobenius morphisms. Definition 2.1. Let A be an algebra over k with 1. A map F : A → A is called a Frobenius morphism on A if (F1) F is a ring automorphism; (F2) F (λa) = λ q F (a) for all a ∈ A and λ ∈ k; (F3) for any a ∈ A, F n (a) = a for some n > 0.
We also call an abelian group automorphism F = F V on a vector space V over k a Frobenius map if both (F2) and (F3) are satisfied. Clearly, every F q -space V 0 defines naturally a Frobenius map F = id V 0 ⊗ f on V := V 0 ⊗ k.
An F q -linear isomorphism F : V → W between k-spaces V and W is called a q-twist map if F (λv) = λ q F (v) for all v ∈ V and λ ∈ k. The following lemma tells us that a q-twist map from V to itself is indeed a Frobenius map if V is finite dimensional (see [14, p.192 ,Theorem]).
Lemma 2.2. Let V be a finite dimensional k-space. A q-twist map F V : V → V is a Frobenius map.
Proof. Without loss of generality, we assume that dim V = m and V = k m . Then there is an invertible matrix B ∈ GL m (k) such that F V (x) = Bx [1] for all x = (x i ) ∈ V , where x [1] = (x q i ). Let F denote the Frobenius map GL m (k) → GL m (k), X = (x ij ) → (x q ij ) := X [1] . By Lang-Steinberg's theorem (see, e.g., [17] ), there exists an invertible matrix C such that B = CF (C −1 ). For each fixed x, choose n such that F n (C) = C and
So F V is a Frobenius map.
Given a Frobenius morphism F on A, let
be the set of F -fixed points. Then A F is an F q -subalgebra of A, and A = A F ⊗ Fq k. Further, the Frobenius morphism F is defined by A F , i.e., F = id
The Frobenius twist of a module M over an algebra A with a Frobenius morphism F has been defined in [4] with respect to a given Frobenius map F M on M . We now give an intrinsic definition of Frobenius twist of M and reformulate some definitions and results in [4, §4] .
Let f : k → k be the field automorphism given by the formula f(λ) = λ q . For each k-space V and r 1, let V (r) be the new vector space obtained from V by base change via f r :
Thus, for v ∈ V and λ ∈ k, we have λv ⊗ 1 = v ⊗ λ q r . In other words, putting v (r) = v ⊗ 1, we have
Note that V (r) may be identified as V with a twisted scalar multiplication
Further, for a k-linear map φ : U → V , the map φ (r) := φ ⊗ 1 : U (r) → V (r) is again a k-linear map. In this way, we obtain an exact additive functor ( ) (r) from the category of k-vector spaces onto itself (see [7] 1 ). Let τ (r)
V : V → V (r) be the F q r -linear isomorphism sending v to v (r) . In case r = 1, we write
If A is a k-algebra, then A (r) is also a k-algebra, and τ
(r)
A : A → A (r) becomes an F q r -algebra isomorphism. The following lemma is obvious.
Definition 2.4. Let A be a k-algebra with Frobenius morphism F and let M be an A-module defined by the k-algebra homomorphism π : A → End k (M ). This gives a k-algebra homomorphism π (1) : A (1) → End k (M ) (1) . Thus, the composition of the following maps
defines an A-module structure on M (1) with the following new action
We denote this module by M [1] and call it the Frobenius twist of M .
If f : M → N is an A-module homomorphism, then the k-linear map f (1) : M (1) → N (1) becomes an A-module homomorphism M [1] → N [1] which is denoted by f [1] in the sequel. Thus, we obtain a functor ( ) [1] = ( )
This functor will be called the Frobenius (twist) functor on mod-A. Clearly, it is a category equivalence.
Inductively The Frobenius twist M [1] defined here coincides, up to isomorphism, with the Frobenius twist defined in [4] . Recall from [4, §4] that, for a given Frobenius map
where
Lemma 2.5. For an A-module M , the Frobenius twist M [1] and the
It is straightforward to check that ϕ M is an A-module homomorphism.
We also need a notation for twisting A-module homomorphisms relative to given Frobenius maps. If F M and F N are Frobenius maps on A-modules M and N , respectively, then they induce a Frobenius map (see [4, 2.4] )
can be regarded as the s-fold twist of f [F ] . Note that f [F ] agrees, up to the isomorphism in 2.5, with the morphism twist f [1] as seen by the following commutative diagram
f [1] / / N [1] Definition 2.6. An A-module M is Frobenius periodic (or simply F -periodic) if M ∼ = M [r] for some r 1. Call the minimal r with this property the F -period of M , denoted by p F (M ). If p F (M ) = 1, M is said to be Frobenius stable (or simply F -stable).
By Lemma 2.5, these definitions of F -stable and F -periodic modules coincide with those defined in [4] . It is proved in [4, 4.6] that, for a finite dimensional A, every finite dimensional A-module is F -periodic. In fact, we may say a bit more.
Proposition 2.7. Let A be a finitely generated k-algebra with a Frobenius morphism F . Then every finite dimensional A-module is F -periodic.
Proof. Let {a 1 , . . . , a s } be a set of generators of A. Since F is a Frobenius map on the k-space A, there is an l 1 such that F l (a i ) = a i for all i. The rest of the proof is entirely similar to the proof of [4, 4.6] with F l in the position of F there.
The next result generalizes part (b) of [4, 4.3] with a proof independent of the use of LangSteinberg's Theorem. 
. By taking a basis for the F q r -structure M F ′ of M , we may define a Frobenius map
The Frobenius functor given in (2.4.2) determines a new category mod F -A whose objects are A-modules M with φ M : M [1] ∼ → M and whose morphisms are compatible with the isomorphisms φ M , i.e.,
Hom
Taking r = 1 in the proof above, we see immediately the following. 
and define a Frobenius map FM :M →M by
Then it is clear thatM =M [FM ] . In particular, this gives rise to an A F -moduleM F . Moreover, by [4, Th. 5.1],M F is indecomposable whenever M is so, and every indecomposable A F -module can be obtained in this way.
The following category equivalence at the module level is our starting point to establish further category equivalence at the chain complex level and triangulated category equivalence at homotopy and derived category level. We refer to [4, 3.2] for its proof.
Theorem 2.10. The category mod F -A is equivalent to the category mod-A F of A F -modules.
Frobenius twists of chain complexes
From now on, we assume that A is a finite dimensional k-algebra with a Frobenius morphism F (though part of the theory continues to hold for infinite dimensional algebras). We refer to [19, 12] for the basics concerning the derived category of mod-A.
Let C (A) := C (mod-A) denote the category of (chain) complexes of A-modules
where d 2 = 0. Applying the Frobenius functor to each M i , we obtain a new chain complex
This will be called the Frobenius twist
. Thus, the Frobenius functor on mod-A defined in (2.4.2) induces a functor
, which we still call the Frobenius (twist) functor (on complexes). As in the module case, we can inductively define the s-fold Frobenius twist
is defined to be the complex N such that M = N [1] .
The shift functor T on C (A) is defined by (
The following Lemma is obvious.
Lemma 3.1. The shift functor T commutes with the Frobenius functor, i.e., (T M) [1] = T (M [1] ) and T (f ) [1] = T (f [1] ) for each object M and morphism f in C (A).
Let C b (A) (resp. C + (A), C − (A)) be the full subcategory of C (A) consisting of bounded complexes (resp. complexes bounded below, complexes bounded above). It is obvious to see that the Frobenius functor on C (A) restricts to functors on C b (A), C + (A), and C − (A).
We may construct M [1] via Frobenius maps on
gives an A-module homomorphism (see (2.5.1) for the notation)
Thus we obtain a complex ( 
Then the complexes M [F] and M [1] are isomorphic. [1] is an A-module isomorphism (see Lemma 2.5) . It is easy to see that f := (f i ) is an isomorphism from M [F] to M [1] .
The lemma implies that, up to isomorphism, M [F] is independent of the choice of the Frobenius map F.
are objects in C (A) together with families of Frobenius maps 
1,i for all i are defined in (2.5.1). In general, for each s ∈ Z, a morphism
. Replacing modules by complexes in Definition 2.6, we may introduce F -periodic complexes and F -stable complexes. 
It is easy to see that the complex
i ] = M i for some r i 1. Further, for each i ∈ Z, the induced map
is a Frobenius map. Thus, there is an integer
Let r be the least common multiple of r i and s j with M i = 0 and
The following is a complex version of 2.8.
Proof. The sufficiency follows directly from Lemma 3.2. We now prove the necessity. Let f = (f i ) : 
Combining all observations above, we have
Remark 3.8. Alternatively, we may define C b (A) F without using the Frobenius morphisms F M on M: the objects consist of complexes M satisfying M [1] φ M ∼ = M and the morphisms are compatible with these isomorphisms φ M (cf. Corollary 2.9). In particular, we have
The method of constructing F -stable modules from F -periodic modules given at the end of §2 can be generalized to complexes. Let M be F -periodic complex in C (A) with F -period r. By Lemma 3.6, there is a Frobenius map
and define a Frobenius mapF i :M i →M i bỹ
Then we obtain an F -stable complex
By Lemma 3.5, this construction applies to every object in C b (A). Since C b (A) is a Krull-Schmidt category (a category in which the theorem of Krull-Schmidt holds; see [18, p.52]), by using an analogous argument as in the proof of Theorem 2.10 (2), we obtain the following result.
Theorem 3.9. Maintain the notation above. Let M be an F -periodic indecomposable complex in
Moreover, every indecomposable complex in C b (A F ) is isomorphic to a complex of the formMF for some
Remark 3.10. For each n 1, let T n (A) denote the lower triangular matrix algebra
and let I be the ideal of T n (A) consisting of all matrices whose entries on the diagonal are zero. By A n we denote the quotient algebra of T n (A) by the ideal I 2 . Then the Frobenius morphism F on A induces naturally a Frobenius morphism F An on A n . Then mod-A n can be identified with the full subcategory
Under this identification, the Frobenius twist of a complex is the same as the Frobenius twist of the corresponding A n -module. Thus, Proposition 3.7 , Lemma 3.5, and Theorem 3.9 follow directly from the relevant results for A n -modules.
Homotopy theory with a Frobenius functor
is said to be homotopic to zero if there exist morphisms
Two morphisms f, g : M → N are said to be homotopic if f − g is homotopic to zero. By Ht(M, N) we denote the subspace of Hom C (A) (M, N) consisting of morphisms homotopic to zero. Then the homotopy category
We shall writef for the image of f in Hom K (A) (M, N). Similarly, we can define the full subcat-
as well, are triangulated categories whose distinguished triangles are induced from mapping cones (see, e.g., [16, 1.4] ). Clearly, a morphism f : M → N is homotopic to zero if and only if so is f [1] . Thus the Frobenius functor ( ) [1] on C (A) induces a functor ( ) [1] = ( ) [1] K (A) : K (A) → K (A) which clearly preserves distinguished triangles. Therefore, the Frobenius functor on K (A) is an equivalence of triangulated categories. Moreover, the restrictions of this functor to the subcategories K b (A), K + (A), and K − (A) are also triangulated category equivalences.
Similarly, since the shift functor T stabilizes every Ht(M, N), it induces a shift functor T on K (A) which clearly commutes with the Frobenius functor.
we have that M [1] and M [F] are still isomorphic as objects in
with Frobenius maps F 1 and F 2 , respectively. Then the restriction of the q-twist map F (M,N) defined in (3.2.1) is a q-twist map Ht(M, N) → Ht(M [1] , N [1] ), and thus, induces a q-twist map
It is equivalent to saying that M is a zero object in K (A). Obviously, a complex M is contractible if and only if so is its Frobenius twist M [1] . Further, each bounded complex M is decomposed into a direct sum M 0 ⊕ M0 such that M 0 is contractible and M0 contains no non-zero contractible summands, and moreover, such a decomposition is unique up to isomorphism. Thus, if M and N are complexes in C b (A) containing no non-zero contractible summands (i.e., M = M0, N = N0), then M ∼ = N as complexes in C b (A) if and only if M ∼ = N as objects in K b (A). In other words, we have isomorphism
Moreover, if we assume that the restriction of F 1 to M0 and F 2 to N0 are Frobenius morphisms on M0 and N0, respectively, then the following diagram is commutative,
. We similarly define F -periodic and F -stable objects in K (A) by simply replacing "isomorphisms in C (A)" by "isomorphisms in K (A)" in Definition 3.3. Thus, we may introduce a function
and r is minimal with this property. In this case, M is F -periodic in K (A). In particular, M is said to be
For any two objects X = (
Thus, the category embedding
Proof. Let X and Y be bounded and let
). Then V (resp. W ) is finite dimensional, and the Frobenius maps
It is clear that ϕ V is compatible with Frobenius maps F V and F , i.e.,
where ϕ W is defined similarly to ϕ V with d M and d N replaced by d X and d Y , respectively, and ψ = (ψ i ) with
Since, like ϕ V , ϕ W is surjective and ψ is an isomorphism, the commutativity of the diagram forces that φ is surjective, and so we obtain an isomorphism Ht(X, Y) ∼ = Ht(M, N) F . Finally, taking F (M,N) -fixed points with the exact sequence 
We now define K b (A) F to be the category whose objects are F -stable complexes M in K b (A) together with a Frobenius map F = F M satisfying M [F] =0 M and whose morphisms are defined as
Corollary 4.2. The faithful functor Φ :
. This together with the faithfulness and fullness (by the isomorphism (4.1.1)) gives a category equivalence. Finally, the commutativity between the shift and Frobenius functors implies that Φ takes triangles to triangles. Objects:
To see the two definitions coincide, we follow the construction given in Corollary 2.9. The iso- 
Here the first equivalence follows from 
is a Krull-Schmidt category as well.
We end this section with the following result analogous to Theorem 3.9.
Theorem 4.4. Let M be an indecomposable object in K b (A) with K -period r andM be the associated F -stable object. ThenMF is indecomposable in K b (A F ) and
Moreover, every indecomposable object in K b (A F ) is isomorphic to an object of the formMF for some F -periodic indecomposable object M in K b (A).
Proof. We may suppose that M has no non-zero contractible summands. Then all M [r] have no non-zero contractible summands. Thus, bothM andMF have no non-zero contractible summands.
Since Ht(MF,MF) ⊆ Rad (End C b (A F ) (MF)), by Theorem 3.9, we obtain
The rest of the proof is formal (see Theorem [4, 5.1] ). Clearly, f is a quasi-isomorphism if and only if so is f [1] . Therefore, the Frobenius functor on K (A) induces a functor ( ) [1] = ( ) is a quasi-isomorphism, and f ∈ Hom D(A) (L, N), 2 then ξ [1] is the equivalence class of (L [1] , s [1] , f [1] ).
Derived categories with Frobenius functors
Moreover, this Frobenius functor induces endofunctors on the full subcategories D b (A), D + (A), and D − (A). The shift functor on K (A) also induces the shift functor T on D(A) which commutes with the Frobenius functor. This fact will be used in §7.
As in the categories C (A) and
, and is said to be
Proof. Choose an object P = (P i , d i P ) ∈ C − (P(A)) such that there is a quasi-isomorphism P → M in K − (A). Since M is F-stable in D(A), we have P ∼ = P [1] in K − (A). Here we have used the triangulated category equivalence D − (A) ∼ = K − (P(A)). Let n ∈ Z be such that H i (P) = 0 for all i < n and consider the truncated complex of P τ n (P) :
.g., [13] ).
Then τ n (P) ∼ = τ n (P [1] ) ∼ = (τ n (P)) [1] in K b (A). Thus, there is an object
. Therefore, we have [1] are isomorphic as objects in D(A).
induces a q-twist map
(5. 
Thus, the functor Φ :
The following is a derived counterpart of Lemma 4.1.
Proof. Recall from Remark 4.5 that P(A) (resp. P(A F )) is the full subcategory of mod-A (resp. mod-A F ) of all projective A-modules (resp. A F -modules).
) and let n be an integer such that Y i = 0 for all i n. Then there are natural isomorphisms
is the "stupid" truncation of P defined by setting 
Note that (P k ) n = (P n ) ⊗ k. Since Φ is faithful, we have an injective map
This implies that Ψ is faithful. 
The last isomorphism in the proof shows that Hom
Proof. Since the map given in (5. 
2.1) induces an isomorphism onto Hom
To see this, choose P in K − (P(A)) quasi-isomorphic to M and choose integer n for which N i = 0 for all i n. Then φ D M induces an
, and hence, isomorphism P
Now our assertion follows from the following natural relations:
is F -stable. By Lemma 5.1, there is a complex
However, this is the case if A has finite global dimension.
Theorem 5.6. Suppose that A has a finite global dimension.
Hence X is indecomposable. Moreover, every indecomposable object in D b (A F ) can be obtained in this way.
Since A has a finite global dimension, we have that the composition Θ of the inclusion K b (P(A)) → K b (A) and the natural functor Q :
is an equivalence of triangulated categories. Moreover, (5.6.1) implies that Θ is compatible with the Frobenius functors on K b (P(A)) and D b (A), i.e., Θ(P [1] ) = (Θ(P)) [1] for all P ∈ K b (P(A)). Then the theorem follows from Theorem 4.4 and Remark 4.5. 
Auslander-Reiten triangles and F -stable triangles
Let us first recall from [12] the definition of Auslander-Reiten triangles in a triangulated category. Let k be an arbitrary field and C an additive k-category. Let further C be a triangulated category with the translation functor T : C → C. We assume that, for every X, Y ∈ C, Hom C (X, Y ) is a finite dimensional k-vector space, and that the endomorphism ring of an indecomposable object in C is local.
A morphism f : X → Y in C is called a section (resp. retraction) if there exists g : Y → X such that gf = 1 X (resp. f g = 1 Y ).
is called an Auslander-Reiten triangle if the following conditions are satisfied:
(a) X, Z are indecomposable, (b) h = 0, (c) any morphism W → Z which is not a retraction factors through g.
Remarks 6.2.
(1) h = 0 ⇐⇒ f is not a section ⇐⇒ g is not a retraction. (a) f is not a retraction, (b) any morphism W → Z which is not a retraction factors through g, (c) any morphism ψ : Y → Y satisfying g = gψ is an isomorphism. Note that if f : X → Y in C is a source (resp. sink) map, then X (resp. Y ) is indecomposable.
is an Auslander-Reiten triangle if and only if f is a source map (or if and only if g is a sink map).
Remark 6.3. Analogous to source and sink maps in a module category, 3 both source and sink maps in C admit a functorial description. Let Fun(C) denote the category whose objects are the covariant additive functors from C to the category mod-k of finite dimensional k-vector spaces, and whose morphisms are the natural transformations of functors. Thus, each object M in C defines a functor Hom C (M, −) in Fun(C) and the quotient functor K M by its subfunctor Rad C (M, −), where Rad C (−, −) denotes the radical of C (see [10, 3.2] ). It follows from the definition above that for an indecomposable object X, a morphism f : X → Y in C is a source map if and only if the induced sequence
is a minimal projective resolution of K X in Fun(C), where ξ X denotes the canonical projection. Dually, one has a functorial description of a sink map in C.
The existence of Auslander-Reiten triangles in an arbitrary given triangulated category C is not necessarily true. However, we have the following due to Happel [12, 4.6] . We now turn to the situation where the algebra A is equipped with a Frobenius morphism F . We further assume that A has a finite global dimension. Then A F has also a finite global dimension. 
Since the global dimensions of A and A F are finite, it is known that D b (A) (resp. D b (A F )) is equivalent to K b (P(A)) (resp. K b (P(A F ))) and to K b (I(A)) (resp. K b (I(A F )) ) as triangulated categories.
In the following we work with the triangulated categories
and show that Auslander-Reiten triangles in K b (P(A F )) can be obtained by folding those in K b (P(A)).
Let f : P → T be a source map in K b (P(A)). Then for each integer s 1,
is also a source map. Let r be the K -period of P. This implies T [r] ∼ = T. We assume that both P and T as complexes in C b (A) contain no non-zero contractible summands. Then there are Frobenius maps
are F-stable with respect toF 1 andF 2 as defined in (3.8.1), respectively. Since both f :
and F (P,T) be, respectively, the induced Frobenius maps on
h ∈ End K b (P(A)) (T) and g ∈ Hom K b (P(A)) (P, T). By restricting F to the connected algebraic group Aut K b (P(A)) (T) and applying Lang-Steinberg's theorem, there is an element ψ ∈ Aut K b (P(A)) (T) satisfying
The equality f [F r ] = f implies thatf is compatible with the Frobenius morphisms F i (i.e., it is a morphism in K b (P(A)) F ; cf. Remark 4.5), and hence, induces a morphism f 0 :PF →TF in
Since f : P → T is a source map, we have by [12, 4.5] that the distinguished triangle
is an Auslander-Reiten triangle, where C(f ) is the mapping cone of f (cf., e.g., [16, 1.4] ). Then, for each 1 s r − 1, we obtain an Auslander-Reiten triangle
This gives a distinguished triangle in K b (P(A F ))
Theorem 6.6. Let f : P → T be a source map in K b (P(A)). Then f 0 :PF →TF is a source map in K b (P(A F )). In particular,PF
is an Auslander-Reiten triangle in K b (P(A F )). Moreover, every Auslander-Reiten triangle in K b (P(A F )) can be constructed in this way.
Proof. For simplicity, we write X =PF and Y =TF. By Remark 6.3, the source map f : P → T gives rise to a minimal projective resolution of K P in Fun(K b (P(A)))
Using a similar argument as in the proof of [4, Theorem 7 .4], we obtain a minimal projective resolution of KP
Hence, again by Remark 6.3, f 0 : X → Y is a source map in K b (P(A F )). 
Inductively, for each n > 1, the n-th power of the radical is defined to be 
This is a division algebra if
If k is algebraically closed, then N) for all indecomposable objects M and N. So the modulation in the AR-quiver Q (D b (A) ) consists of k-spaces which can be represented by drawing d MN arrows from [M] to [N] . In this way, we turn the modulated quiver Q (D b (A) ) to an ordinary quiver. 
We now turn to our typical situation where A is a finite dimensional algebra over k = F q together with a Frobenius morphism F on A. We assume that A has a finite global dimension. Thus, A F has a finite global dimension, too. By Theorem 6. 
) and 1 m n st . Note that n st = n s+1,t+1 for all s, t, where subscripts are considered as integers modulo r 1 and r 2 , respectively. We now define
s+1,t+1 for all 0 s r 1 − 1 and 0 t r 2 − 1. Recall from [4, §8] (see also the Appendix at the end of the paper) that associated to (Q, δ) we may define a modulated quiver M Q,δ as follows. Let A = kQ denote the path algebra of Q and F = F Q,δ;q be the Frobenius morphism of A induced by the automorphism δ. For each vertex i(M) (i.e., the δ-orbit of [M]) and each arrow ρ (i.e., a δ-orbit of arrows in Q) in Γ(Q, δ), we define subspaces of A
where r is the D-period of M. By definition, the F q -modulation M(Q, δ) is given by (A i(M ) ) F and (A ρ ) F for all vertices i(M) and arrows ρ in Γ(Q, δ). 
That is, the modulated quivers M Q,δ and Q(D b (A F )) are isomorphic (in the sense of [4, 6.2] ).
We end this section with an example explaining this folding process.
Example 7.3. Let Q be the following quiver with (ε a , ε b , ε c ) = (1, 2, 2). Here ε i = #{vertices in the orbit i}. Then for each pair (i, j) with 1 i j 5, there is a unique (up to isomorphism) indecomposable representation of Q over k with support {s | i s j}; and they furnish a complete set of indecomposable representations of Q. Further, we have
It is well known that the Auslander-Reiten quiver of A = kQ has the form (cf. [1, Chap.VII])
By [11, Corollary 4.5], the AR-quiver
is isomorphic to the quiver ZQ, where
In other words, Q ∼ = ZQ is the following quiver 
This is well defined since M is bounded. By [11, Lemma 4 .1] and [15] , the correspondence M → dim M induces a surjective map dim from the set of isoclasses of indecomposable objects in D b (A) to the set of all (positive and negative) roots of the Kac-Moody Lie algebra g(Q) associated to Q. Since dim M = dim T 2 M, dim also induces a surjective map from the set of isoclasses of indecomposable objects in R(A) to the set of all roots of g(Q). In particular, if Q is a Dynkin quiver, dim induces a bijection between the set of isoclasses of indecomposable objects of R(A) to the set of all roots of g(Q) (see [11, Corollary 4.7] ). This is the reason why R(A) is called the root category.
There is a canonical functor Π = Π A :
This means that Π is a covering functor with Galois group T 2 in the sense of [9] .
We now turn to the case where A is a finite dimensional algebra over k = F q together with a Frobenius morphism F on A. We first observe that the faithful functor Ψ : 
Then Ψ induces a faithful functor Ψ R : R(A F ) → R(A) with the following commutative diagram
By the construction, the Frobenius functor ( ) [1] D(A) commutes with the shift functor T , i. e., we have the commutative diagram
ji ) for a morphism f = (f ji ) in R(A). As in the previous sections, an object O M in R(A) is said to be
and is said to be
for some integer r 1. Call the minimal r with
. We are now ready to describe the image of the functor Ψ R for an A with a finite global dimension.
The commutativity between the shift and Frobenius functors implies M [n] ∼ = T 2ni M for arbitrary n 1. Suppose i = 0. Since A is of finite global dimension, we have
, T 2ni M) = 0 for n large enough. This contradicts the fact that M = 0. Hence, i = 0 and M [1] 
. Let M and N be objects in D b (A) with Frobenius maps F 1 and F 2 , respectively. Then the Frobenius map 
Since the global dimension of A is finite,
Thus, for an algebra A with a finite global dimension. We define the category R(A) F which consists of F -stable orbits O M in R(A) and Hom-spaces
where F = F R (M,N) is defined with respect to the natural Frobenius maps on M and N via the isomorphisms given in Lemma 8.2. 
We leave the proof to the reader. Theorem 8.5. Let A be of a finite global dimension. Then Ψ R induces a category equivalence
Proof. Clearly, Ψ R induces a faithful functorΨ R : R(A F ) → R(A) F which is dense (in the sense of Lemma 8.2). Theorem 5.4 together with (8.1.1) implies thatΨ R is full.
Finally, the indecomposable objects in R(A F ) can also be constructed in a way similar to those given in Theorems 4.4 and 5.6.
Moreover, every indecomposable object in R(A F ) can be obtained in this way.
Proof. By the definition of R(A F ), we have
which is by Theorem 5.6 isomorphic to F q r . Conversely, if O X is an indecomposable object in
Applying once again Theorem 5.6, we must have that
Let A be a hereditary (basis) algebra with a Frobenius map F . Then both A and A F are related by an ad-quiver 4 (Q, σ) (see [4, §6] , or more generally, the Appendix below) such that A can be identified as the path algebra of Q and A F as the path (or tensor) algebra of the folded (or modulated) quiver (Γ, M) of Q via σ. The quiver automorphism σ extends linearly to a group automorphism σ on ZQ 0 defined by σ( i∈Q 0 a i i) = i∈Q 0 a i σ(i). This induces an automorphism
Note that, if ∆(Q) (resp. ∆(Γ)) denotes the root system associated to Q (resp. Γ), thenσ restricts to a bijection ∆(Q)∩(ZQ 0 ) σ → ∆(Γ). Now, [11, 4.1] implies immediately the following (cf. 5.7(b)).
Corollary 8.7. Maintain the notation above and assume that
Hence, in this case, the relation over the indecomposable objects given in Theorem 8.6 results in the same relation on the associated root systems as the folding relation induced from σ.
Appendix: Quivers with automorphisms and relations
In this Appendix, we shall show that every finite dimensional basic F q -algebra is isomorphic to the fixed point algebra (kQ/I) F , where Q is a quiver with an automorphism σ, F = F Q,σ;q is the Frobenius morphism on the path algebra kQ induced by σ, and I is an F -stable admissible ideal I (the relation ideal) of kQ. Thus, we generalize the relation between hereditary algebras and quivers with automorphisms (see [4, Th.6.5] ) to the general case.
The most important application of Frobenius morphisms is to the theory of quivers with automorphisms. In fact, we shall see below that every quiver automorphism induces a Frobenius morphism on the path algebra of the quiver, and thus, gives rise to an F q -modulated quiver (i.e., an F q -species in [8, 5] ) whose tensor (or path) algebra is the associated fixed point algebra.
Let Q = (Q 0 , Q 1 ) be a finite quiver, where Q 0 (resp. Q 1 ) denotes the set of vertices (resp. arrows) of Q. For each arrow ρ in Q 1 , we denote by hρ and tρ the head and the tail of ρ, respectively. Let σ be an automorphism of Q, that is, σ is a permutation on the vertices of Q and on the arrows of Q satisfying the compatibility conditions: σ(hρ) = hσ(ρ) and σ(tρ) = tσ(ρ) for any ρ ∈ Q 1 .
Let A := kQ be the path algebra of Q over k = F q which has the identity 1 = i∈Q 0 e i where e i is the idempotent (as a length zero path) corresponding to the vertex i. Then σ induces a Frobenius morphism
where s x s p s is a k-linear combination of paths p s , and σ(p s ) = σ(ρ t ) · · · σ(ρ 1 ) if p s = ρ t · · · ρ 1 for arrows ρ 1 , . . . , ρ t in Q 1 .
We now construct an F q -modulated quiver from a quiver Q with an automorphism σ. Let Γ 0 and Γ 1 denote the set of σ-orbits in Q 0 and Q 1 , respectively. Thus, we obtain a new quiver Γ = (Γ 0 , Γ 1 ). For each arrow ρ : i −→ j in Γ, define
where ε k = #{vertices in σ-orbit k} for k ∈ Γ 0 . The quiver Γ together with the valuation
Clearly, each valued quiver can be obtained in this way from a quiver with an automorphism.
Using the Frobenius morphism F = F Q,σ on A defined above, we can attach naturally to Γ an F q -modulation to obtain an F q -modulated quiver as follows: for each vertex i ∈ Γ 0 and each arrow ρ ∈ Γ 1 , we fix i 0 ∈ i, ρ 0 ∈ ρ, and consider the F -stable subspaces of A
where e i denotes the idempotent corresponding to the vertex i. Then
Further, the algebra structure of A induces an A F j -A F i -bimodule structure on A F ρ for each arrow ρ : i −→ j in Γ. Thus, we obtain an
over the valued quiver Γ. The F q -modulated quiver (Γ, M) defined above will be denoted by M Q,σ = M Q,σ;q = (Γ, M).
Example 9.1. For r, s 1, we define Q = Q (r,s) to be the complete bipartite quiver with
Clearly, Q admits an automorphism σ such that
where a r+1 = a 1 and b s+1 = b 1 . Thus, σ(τ ji ) = τ j+1,i+1 . For example, if r = 2 and s = 3, the quiver Q = Q (2, 3) and the automorphism σ are illustrated by Let d and m denote, respectively, the greatest common divisor and the least common multiple of r and s. We denote by ρ 1 , ρ 2 , . . . , ρ d the σ-orbits of τ 11 , τ 21 , . . . , τ d1 in Q 1 , respectively. Then, it is easy to see that ρ 1 , ρ 2 , . . . , ρ d are distinct and form all the σ-orbits in Q 1 . Let further 1 and 2 denote the σ-orbits {a 1 , . . . , a r } and {b 1 , . . . , b s }, respectively. Then the valued quiver Γ = Γ(Q, σ) associated to (Q, σ) has two vertices 1, 2 and d arrows ρ 1 , . . . , ρ d from 1 to 2. The valuation is given by ε 1 = r, ε 2 = s and ( 
where e i , f j denote the idempotents corresponding to vertices a i , b j , respectively. This implies that
Then we have isomorphisms
i , where Θ r,s i = F q m as an F q -vector space, and its F q s -F q r -bimodule structure is defined by
Finally, the F q -modulation M(Q, σ; q) can be identified with ({F q r , F q s }, {Θ r,s
). If r = s, by identifying vertices a i as b i in Q (r,s) for 1 i r = s, we obtain the complete quiver Q (r) on r vertices, i. e., In this case, the associated valued quiver Γ(Q (r) , σ) contains one vertex 1 and r loops ρ 1 , . . . , ρ r ; and the F q -modulation M(Q (r) , σ; q) can be identified with ({F q r }, {Θ r,r i } r i=1 ). Lemma 9.2. For r, s 1, let M ♮ denote the F q -modulated quiver with underlying valued quiver and F q -modulation ({F q r , F q s }, {F q s ⊗ Fq F q r }) (resp. ({F q r }, {F q r ⊗ Fq F q r })), where m is the least common multiple of r and s, and F q s ⊗ Fq F q r (resp. F q r ⊗ Fq F q r ) is the natural F q s -F q r (resp. F q r -F q r )-bimodule. Then, M ♮ is isomorphic to the modulated quiver M Q (r,s) ,σ (resp. M Q (r) ,σ ) defined in Example 9.1.
Proof. Let d denote the greatest common divisor of r and s. By viewing F q r and F q s as F q -algebras and as subfields of F q m , we have an F q -algebra isomorphism Clearly, as an F q s -F q r -bimodule, this induces a bimodule isomorphism . Therefore, the two F q -modulated quivers are isomorphic. Theorem 9.3. Let (Q, σ) be a finite quiver with an automorphism σ, and let M Q,σ be the F qmodulated quiver associated to (Q, σ).
(1) If A = kQ is the path algebra of Q, and F = F Q,σ the Frobenius morphism on A induced by σ, then the fixed point algebra A F is isomorphic to the tensor algebra T (M Q,σ ) of M Q,σ . (2) For any given F q -modulated quiver M, there is a quiver Q and an admissible automorphism σ such that the tensor algebra T (M) of M is isomorphic to (kQ) F Q,σ .
Proof. The proof of (1) , we may suppose that Γ is a simple valued quiver (i. e., no parallel edges, but allowing simple loops). We shall look at the case where Γ is connected and consists of one arrow only. The general case can be constructed by induction on the number of arrows.
Let ρ : x −→ y be the unique arrow of Γ. (If x = y, then ρ is a loop.) For simplicity, set r = ε x , s = ε y and let d and m denote respectively the greatest common divisor and the least common multiple of r and s. Further, we may identify D x and D y with F q r and F q s , respectively, then M ρ is an F q s -F q r -bimodule which can be decomposed into a sum of simple bimodules
Since each M i is a simple From the construction given before Example 9.1, we see that the valued quiver Γ(Q, σ) consists of two vertices 1 and 2 (i. e., the σ-orbits {a 1 , a 2 , . . . , a r } and {b 1 , b 2 , . . . , b s }, respectively) and of t arrows ρ i (= the σ-orbit {τ Remark 9.4. This theorem is a generalized version of [4, 6.3] , where σ is assumed to be admissible, and of [4, 6.5] , where only finite dimensional hereditary basic algebras are considered.
The next result shows that, up to Morita equivalence, the representation theory of quivers with automorphisms covers that of all finite dimensional F q -algebras.
Theorem 9.5.
(1) Let B be a finite dimensional basic F q -algebra. Then there exists a finite quiver Q together with an automorphism σ and an F Q,σ -stable admissible ideal I of kQ such that B ∼ = (kQ/I) F Q,σ . (2) Since B = A F is a finite dimensional F q -algebra, there is a finite dimensional basic F q -algebra C which is Morita equivalent to A F . Then A ′ = C ⊗ Fq k is clearly a finite dimensional basic kalgebra, and C = A ′ F ′ where F ′ is the Frobenius morphism given by F ′ (x ⊗ λ) = x ⊗ λ q for all x ∈ C and λ ∈ k. It remains to prove that A and A ′ are Morita equivalent.
By definition, there are bimodules B X C and C Y B and surjective maps φ : X ⊗ C Y −→ B of B-B-bimodules and ψ : Y ⊗ B X −→ C of C-C-bimodules satisfying xψ(y ⊗ z) = φ(x ⊗ y)z and yφ(z ⊗ w) = ψ(y ⊗ z)w for all x, z ∈ X and y, w ∈ Y .
Set X k = X ⊗ Fq k and Y k = Y ⊗ Fq k. Then X k becomes an A-A-bimodule and Y k becomes an A ′ -A ′ -bimodule. Moreover, the maps φ : X k ⊗ A ′ Y k −→ A, (x ⊗ λ) ⊗ (y ⊗ µ) −→ φ(x, y) ⊗ λµ, x ∈ X, y ∈ Y, λ, µ ∈ k andψ : Y k ⊗ A X k −→ A ′ , (z ⊗ λ) ⊗ (w ⊗ µ) −→ ψ(z, w) ⊗ λµ, z ∈ Y, w ∈ X, λ, µ ∈ k satisfy the similar conditions as φ and ψ. Thus A and A ′ are Morita equivalent.
Remarks 9.6. (a) Let F and F ′ be Frobenius morphisms on A and A ′ , respectively. Then, in general, that A and A ′ are Morita equivalent does not necessarily imply that A F and A ′ F ′ are Morita equivalent. For example, let Q be the quiver with three vertices 1, 2, 3 and two arrows α : 1 −→ 2 and β : 1 −→ 3. Let σ 1 be the identity automorphism of Q and σ 2 the automorphism exchanging arrows α and β. Then (kQ) F Q,σ 1 is the path algebra F q Q and (kQ)
.
